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A Summation Formulae For Bilateral Basic Hypergeometric Series

1. Introduction, Notation and Definitions.

Since the times of Ramannjan’s and Bailey’s have been playing a very
important role in the field of Bilateral basic hypergeometric series. This
part of Ramannjan’s and Bailey’s work have been treated and developed
consequently by several authors Aqarual, R. P. [1], Andrew, G. E. [2],
Singh, S. [5], etc.

Recently, Vasuki, K. R. and Chammaraju, C. [6], Zhang, Z. and Qiuxia,
H. [8], Pankaj, S., Tunis, E., Ajit, P. and Mahmoud, E. [4] have derived
an alternative proof of Bilateral basic hypergeometric series by series
transformation.

We have some notation and definition from Gasper G. and Rahman M.
[3], for a , g are real or complex and | ¢ | < 1, g—shifted factorial is
defined by

(1=a)(l=agq)...(1—ag""), in >0
(a;q), = (1.1)
1 n=10.
and
(a: @) = T1(1 = ag"). (1.2)
k=0
We define a basic hypergeometric series,
a1, 0, ..., 0
rg [ Ay..... by, o by g, Z] = L0, 1q, z
bi,ba, ... b
= i [“1:(;);1(f12':q)n---(a?‘:‘?}n q)\n[n-i-” S (|‘=| < 1) (1 ?)
n=0 [Q': rx‘)n(bl? Q‘)n[h‘z: fi')ﬂ .- [bs? fi’)n '
We, also, define a truncated series,
sl T o @@ @i @R
e tijl b bg o =0 (Q} rf)n(bl': Q)n[bﬁ: Q)n . (bs': q)n )
N TN ) N

and bilateral basic hypergeometric series is defined by

Wy [ Q1y..apiby, oo b i, z] =

138

i EE}'1: q)n(aﬁ': (1’)11 ces (a?‘: (;)11 qJ\n(n+lJf2 n (|Z| < 1)
Nn=—00 (q: fj’)n[hl:q}n(“:'?:‘?)u‘--{“jr':ff)n ’

(1.5)

Vision International Scientific Journal, Volume 11, Issue 1, March 2026



M. M. Eltikali, T. M. Elfrgani

During the process in this paper, we also make use of the following notations as

‘ _ (—=q/a:q)n gla)
[a;q]—n = W/aa. (1.6)

and
[a: qlon = (a:¢%)n(ag; ¢°)n (1.7)

We shall need the following known results in our analysis,

3/24n —n
| e /eyl A/ gl [VE 0 a0 s
| agfe,cgr= g 2v/alag/e; qlnia[v/@/ ¢ dlnia @ dlnsa [V 4 )an

[—q/cv/a:q] n+1[v’——m1/(~‘? Q]n+1[ﬁ? 91/2]2n_+1[ﬂ; qln+2

1.8
—2Valca /% s A/ ot 0 Qe =@ Pl (1)
[7], Eq. (4.8), p.78
a,—qa/ b, " g tral/? [aq, qa ' b; gl
403 i, b = [ G.:-UQ a /b ] {19)
—alf‘z..aq/b,aql"'“ q ;a0 qln

[3], App..(I1.14),pp. 237

q ", a, b ) n qg ", a, d/t‘]
302 g = M 302 1, byfe (1.10)
d e [e: aln d,q""afe

(2], Eq. (10.10.5), p.525]

@[‘1‘” ;q’_qn] _ [0l =L a1+ V) | oLl vA)

V@, g™ g ®le | 2adll—avad,

[7], Eq. (4.2), p.76

n

NEEE [ qln[—/: dl [4: qlu[— /G d)n
R = —
“”[ T } eg Ve | AVw e d )

[7], Eq. (4.17), p.80])
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2. Main Results .

e, eq, q5f2+n/(:, q7/2+n/€_! q—n, q—n+1
6% 4| =
QE/C._. q?'/(.’._, Cq—n—(1/2)1 cq—n+(1}2)’ q3+n.‘ q4+n

[¢*”/c: dlusala/€; alur (VT 0 ]nsr (@ lure
2\/‘7[92/54 Q]n+1[\/§/c§ @lns1la: Q]n+1[\/§i q?|ant2

[—4*/2/¢: glnia[—q/c; Q]n+1[\/§i ‘1112]2n+1[f12 Glns2 (2.1)
—21/q(cq/b; lui1[VA/ 6 dlasa@; dnir [=v/T ¢ ant2 '

(2.2)

R R PEERy

_ 5/2_b‘ g, —n+1 n
" [ q'%,b,bg, g7 q L g2 ] B [92,(13"2/5;(1]“
_q1/21 (22/5-. qi’;/b‘ q2+n1 q3+n

b!bQ!q_ns q—n+1 . T q_n'- d/b

d.dq, e, eq d,g* /e

2, g, g

g s dal=Lal(1+ @) | [¢%dla[-1gla(1 + T)

e VR o o T a 2[~q:qln 2[V/G dln[—¢*/*; dln
i (2.4)

3. proof of Main Results .
As an illustration to establish (2.1), we first write out the left-hand side of (1.8) as follows:

(ag/c,cqg ™72, ag®™: q),

r=(

(g)" (3.1)
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Now, letting @ = ¢ in (3.1) and after simplification, we get

B ["ZJQ] [f.‘.._ qﬁf2+n/c i q—n)m (q)Qr N [g] (C, (;5/2+nf(:, Lq" )2?__1 (EI)QJ'—I. (‘:; 2)
= (¢*/e. cqmY2 g ), —= (¢?/c, cqT Y2 gt g,y o
2 5/24n /. —n - e 24 . -
& (e e g () + Zl: (e, 6> e, )ar @) (3.3)
= {(}2/(:-_ f_._q—n—I;’Q‘ (;3+n.: ({)Er -y (q?/c? Cq—n,—lfi_. q3+n: q);?r
_ [n/2] (f_\__. qﬁ/l?+n/c ‘q—n)Qr (q?);' [? 4)
r=—[n/2] (q?/c’ f-"q_n_l;Q‘ q3+n-: q)?r‘

with the help of (1.7) in (3.4) after simplification, we get the required
result (2.1) In similar way we have also proved (2.2, 2.3, 2.4)
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